In Linear Programming (LP) applications, unexpected non binding constraints are among the "why" questions that can cause a great deal of debate. That is, those constraints that are expected to have been active based on price signals, market drivers or manager's experiences. In such situations, users have to solve many auxiliary LP problems in order to grasp the underlying technical reasons. This practice, however, is cumbersome and time-consuming in large scale industrial models. This paper suggests a simple solution-assisted methodology, based on known concepts in LP, to detect a sub set of active constraints that have the most preventing impact on any non binding constraint at the optimal solution. The approach is based on the marginal rate of substitutions that are available in the final simplex tableau. A numerical example followed by a real-type case study is provided for illustration.
Introduction
Linear programming (LP) has found practical applications in all facets of business due to the computational efficiency of the simplex method and the availability of cheap and high-speed digital computers (for instance, see [1] ). The oil refining industry is an illustrative example of such applications since 1952 [2] .
The rapid evolution of the easy-to-use software made model building and LP solving accessible to everyone. For instance, engineers are capable to construct refinery models by drawing graphically the process models, connecting them Consequently, the seize and complexity of production planning models have increased to represent more accurately real operations. Today, we can optimize far more complex problems that we can understand. Powerful report generators provide numerical results without explaining "why the solution is what it is". However, in strategic decision making and production planning, managers are interested in whys not numbers [3] . Managers need to interrogate the model's output in terms of arbitrage and orientations before becoming confident in its utilization for decision making. The answer to these questions, which emerge from a deep understanding of the solution, is seldom evident from the output reports. Depending on users' experience, ability and patience, analyzing the solution and preparing support for decision making can take up to several days. In industrial practice, analyzing the unexpected non binding constraints needs also great support. That is, the constraints that are expected to have been active based on price signals, market drivers or manager's know-how. For instance, within a profitable environment, when a key production unit is not operating at its full hydraulic capacity, the associated optimal solution is usually regarded suspicious. In this situation, if the LP result is not supplemented by comprehensive explanations, decision makers would most likely revert to intuitions or other mode of simple analysis. Admitting the model is validated for what it intends to represent, a plausible answer to this technical question could be formulated as follows. Production units operate under hydraulic capacity and operational A. Tehrani Nejad, T. Monier condition constraints such as the catalytic limitation which reacts inversely with the poly-aromatics content of the feed. Due to reliability issues related to upstream logistics, the poly-aromatics content of the feed has been substantially increased. In this specific circumstance, the key production unit has reached its catalytic limitation before its hydraulic capacity constrain. This path-tracing analysis, that reveals the root cause of the non binding hydraulic constraint, requires advanced knowledge of the industrial process, the LP model scheme and its sensitivity to various input parameters. To the best of our knowledge, this kind of "why" questions related to non binding constraints have not been tackled in the literature. This practical-oriented paper is aimed to answer to the clear statement of the insights we wish to obtain from the model about why a given constraint is not active at the optimal solution. We suggest a solution-assisted procedure that can be considered as a kind of local sensitivity analysis carried out in a deterministic framework. The procedure tracks the marginal rate of technical substitutions (partial derivatives) between the slack variable of the given non binding constraint and all the binding constraints in the final simplex tableau. Under the assumption of proportional perturbation, these marginal coefficients are transformed into elasticity measures capable to shed lights on directions which prevent a given non binding constraint from further saturation. These elasticities are comparable to the sensitivity measures of Samuelson's comparative statics which play an important role to support decision makers [9] . Under the non degeneracy assumption, these elasticities are uniquely defined. The procedure can be easily automated through a post processor to interact with the user. Surprisingly, few LP practitioner is aware of an easy access to the final simplex tableau in commercial solvers such as LAMPS, Cplex or Xpress. The reminder of this paper is organized as follows. In Section 2, we review some basic definitions and introduce our notations. Section 3 delineates our suggested methodology. Section 4 extrapolates the results to the non linear models solved using sequential linearization techniques. In Section 5, a numerical example is provided to illustrate the procedure. In Section 6, we present a real-type case study from the oil refining 
Definitions and Notations
Let us suppose the following profit maximization LP problem,
where, A is a given m n MRTS between the non basic variables and all the basic variables involved in the production plan [10] .
More precisely, the MRTS matrix shows the rate at which basic variables should be efficiently adjusted whenever the RHS of the binding constraints are increased individually within their validity ranges. The non degeneracy assumption of the primal and dual problems guarantees the uniqueness of the MRTS matrix. Commercially available software for large scale models includes some specific commands to extract these marginal coefficients from the optimal 
Method
At the optimal solution, let us suppose that the i-th constraint is non binding. ∑ (see [14] ).
3) The sign of the ik M associated with an active greater-than-or-equal constraint must be reversed in order to be in line with a relaxation perturbation. , , critically importance measure in reliability analysis [9] , can efficiently assist the user in a more in depth analysis of the LP solution.
5) Rank the ik E from the most negative values.
The most negative cross elasticity points out the active constraint that has the most preventive impact on the saturation level of the i-th non binding constraint.
Then, the user has to evaluate the precision and the justification of the identified constraint. In practice, some of these active constraints can be relaxed after technical discussion with production engineers. Some others, however, remain truly the bottlenecks of the plant and have to be communicated to the managers for investment projects.
Non Linear Models
Industrial optimization models also include non linear constraints. These models can be summarized as follows,
In relation (6), the constraints are segregated into linear ( ) (7) can be solved using the Simplex method where the relation (4) applies to its the non binding constraints.
Numerical Illustration
Let us suppose a stylized problem of producing gasoline G x , diesel D x and fuel oil F x whose market prices are respectively $100, $150 and $55 per ton.
The producer can purchase five different grades of crude oil 1 2 3 4 5 , , , , x x x x x whose market prices are respectively $90, $70, $80, $96, $75. We assume that the availability of crude oils 2 3 , x x and 5
x is limited to 75 tons and the production capacity of diesel is limited to 150 tons. Due to corrosion issues, the sum of crude 1 x and 4 x should remain lower than 30% of the total crude mix.
Processing each ton of crude generates respectively 0.3, 0. 
At the optimum, the total profit amounts to $7174. Despite the higher relative price of diesel, its production capacity constraint is not fully utilized. This unexpected result, however, needs to be explained before recommending the production plan to refinery's operators. The MRTS coefficients that link the basic slack variable sD x to the binding constraints, i.e., the bold row in Table 1 , can provide valuable insights to this question. Following 
In words, at the optimal solution, 1% increase in the crude blending limitation would increase the saturation level of the diesel production by 2.57%. Table 2 ranks the computed elasticities from the most negative values.
Several interesting remarks are in order. First, the corrosion issue is the most preventive constraint for diesel production. Without this insight, the user should have relaxed all the binding constraints one by one in order to identify the most responsive one. Second, contrary to its largest marginal value, the CO 2 constraint has a negative impact on diesel production: increasing the CO 2 pollution rights would alter the optimal crude processing by replacing crude 4 with crude 1 which has a higher CO 2 content and a lower diesel yield. This optimal substitution, which is a consequence of the Rybczynski theorem in economics [10] , leads to increase the gasoline product (+24 tons) to the detriment of diesel (−15 tons).
This counter intuitive example confirms the limitation of marginal values for non binding constraint analysis. Third, according to diesel production equation, crude oils 2 and 3 have the same average yield in terms of diesel output (%25).
However, the computed elasticities reveal that crude oil 2 has a higher marginal yield and is, therefore, a more suitable candidate to increase the diesel output.
Case Study
In the previous section, we provided a very simple numerical example to detail the procedure. In this section, we apply the suggested methodology to a real-type refinery LP model which contains near to 5000 linear constraints and more than 7000 continuous variables. In this LP model, the constraints are categorized into material and quality balance constraints, product specification constraints, crude availability constraints and process units capacity constraints. The linear objective function consists in maximizing the net profit of the oil refining operations (for more details, see Tehrani Nejad and Saint Antonin [15] ). Cplex is the used solver.
Model Overview
The general scheme of the model is given in Figure 1 . In non technical words, the crude distillation unit (CDU) separates crude oils into various fractions according to their boiling points. Light fractions are used to make gasoline and naphtha whilst middle fractions are used to produce kerosene and diesel. The heaviest fractions are sent to vacuum distillation unit (VDU) to produce vacuum distillate and vacuum residue. The major part of vacuum residue is fed to a 
Results and Discussion
Based on market indicators, the manager expects the crude distillation unit (CDU) to be fully utilized. However, the optimal solution recommends an average utilization rate of 91.5%. Table 3 summaries the main active constraints at the optimal solution. These active constraints are illustrated by bold arrows in Table 3 .
Several remarks are in order. First, the HDS feed rate constraint is directly identified to be the most preventing constraint with respect to the CDU throughput. We verified this result by increasing individually the RHS of the active constraints reported in Table 3 . By relaxing only the HDS capacity up to 60%, the utilization rate of the crude unit increases steeply from 91.5% to 96.6%, and then flattens. Second, given the high marginal values of the gasoline-related units, i.e., Alkylation and the FCC effluents (HCCS and LCO), the LP practioner would have been most plausibly disoriented by first inspecting those constraints.
Third, although the Alkylation unit has the highest marginal value, its cross elasticity with respect to crude distillation unit is zero. That simply implies having more Alkylation would significantly increase the overall net margin of the refinery without impacting the crude intake amount. Forth, the relative high marginal value of the HDS capacity constraint confirms that the low utilization rate of the crude unit, suggested by the optimal solution, is not simply due to low price effects.
Conclusion
Result communication is the most crucial step in any modeling-based study.
Due to the complexity of the industrial LP models, providing managers with an enriched set of technical explanations has become a formidable task for non OR experts. Explaining the unexpected non binding constraints is such an example.
The objective of this paper was to propose a simple method, based on known concepts in LP, to detect and rank a sub set of active constraints that have the most preventing impact on any non binding constraint at the optimal solution.
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The distinguished feature of this approach is that it requires no more information than what is provided by the final simplex tableau. A numerical example as well as a real-type oil refining case study was provided to illustrate the procedure.
The simplicity of this method, we believe, constitutes its elegance.
